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UNIT : LAPLACE TRANSFORM 

 

Define Laplace transform: 
Let ݂(ݐ) be a given function defined for all ݐ ≥ 0,then the Laplace transform of f(t)is 
denoted by {(ݐ)݂}ܮ or ݂(ݏ)തതതതതത or ܨ(ܵ),and is defined as {(ݐ)݂}ܮ = ∫ ݁ି௦௧݂(ݐ)݀ݐ∞

 ,provided the 
integral exist. 

(1)  Prove that {1}ܮ = ଵ
௦
 and {݊݅ݏℎ {ݐܽ = 

௦మିమ
 . 

(2)  Prove that ܮ{݁ି௧} = ଵ
௦ା

, ݏ > −ܽ. 

(3)  Prove that ܮ{ݐ} = !
௦శభ

 , n being positive integer. 

(4)  Find the Laplace transform of (ݐ) = ቄ0,0 < ݐ < ߨ
݊݅ݏ ݐ , ݐ > ߨ  . 

(5)  Find the Laplace transform of (ݐ) = ቄ0,    0 ≤ ݐ < 2
ݐ ℎ݁݊ݓ,3 ≥ 2 . 

(6)  Find the Laplace transform of ݐଷ + ݁ିଷ௧ + ݐ
భ
మ. 

(7)  Find ݊݅ݏ}ܮ ݐ2 ݏܿ  .{ݐ2

(8)  Find the Laplace transform of ܿݏଶ2ݐ. 

(9)  Find Laplace transform of ܿݏଶ(ܽݐ), where a is a constant. 

(10)  Find the Laplace transform of ݂(ݐ) = (ݐ߱)ℎ݊݅ݏ , ݐ ≥ 0. 

 
FIRST SHIFTING THEOREM:- 

If {(࢚)ࢌ}ࡸ = {(࢚)ࢌ࢚ࢇࢋ}ࡸ then ,(࢙)ࡲ = ࢙)ࡲ −  .(ࢇ

(11)  By using first shifting theorem, obtain the value of ݐ)}ܮ + 1)ଶ݁௧}. 

(12)  Find Laplace transform of ݁ିଶ௧݊݅ݏଶ2ݐ, where a is a constant. 

 
MULTIPLIED BY ܖܜ:- 

If {(࢚)ࢌ}ࡸ = {(࢚)ࢌ࢚}ࡸ then ,(࢙)ࡲ = (−) ࢊ

࢙ࢊ
;(࢙)ࡲ = ,,, … 

(13)  Find the value of ݐ}ܮ ݊݅ݏ  .{ݐ߱

(14)  Find the Laplace transform of ݂(ݐ) = ଶݐ ℎ݊݅ݏ  .ݐܽ

(15)  Find the Laplace transform of ݐଶ ݊݅ݏ  .ݐߨ
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(16)  Find the Laplace transform of ݐଶ ݊݅ݏ  .ݐ2

(17)  Find the Laplace transform of  ݐଷ ℎݏܿ  .ݐ2

 

DIVISION BY ܜ:- 
If {(࢚)ࢌ}ࡸ = ࡸ തതതതതത, and if(࢙)ࢌ ቄ(࢚)ࢌ

࢚
ቅ exists then 

Prove that ࡸ ቄ(࢚)ࢌ
࢚
ቅ = ∫ ∞തതതതതത(࢙)ࢌ

࢙  .࢙ࢊ

(18)  Find ܮ ቄ௦ ଶ௧
௧
ቅ. 

(19)  Find the Laplace transform of ଵି௦ ௧
௧

. 

(20)  Find the Laplace  transform of ቂ௦ ௪௧
௧
ቃ. 

 
LAPLACE TRANSFORM OF THE INTEGRAL OF A FUNCTION:- 

If {(࢚)ࢌ}ࡸ = ࡸ then ,(࢙)ࡲ ቄ∫ ࢚(࢛)ࢌ
 ቅ࢛ࢊ = (࢙)ࡲ

࢙
; ࢙ > 0. 

(21)  Find  ܮ ቄ∫ ݁ି௫ ݏܿ ݔ ௧ݔ݀
 ቅ. 

(22)  Find  ܮ ቄ∫ ∫ ݊݅ݏ ௧ݑܽ


௧
  .ቅݑ݀ ݑ݀

(23)  Find the Laplace transform of ∫ ݁ି௨ ݏܿ ݑ ௧ݑ݀
 . 

 
If (࢙)ࢌതതതതതതത is the Laplace transform of (ܜ) and ܉ ≥ , then                                                   

prove that     ࢚)ࢌ}ࡸ − ࢚)࢛(ࢇ − {(ࢇ =  .തതതതതത(࢙)ࢌ࢙ࢇିࢋ

(24)  Find the Laplace transform of  ݁ିଷ௧ݐ)ݑ − 2). 

(25)  Find the Laplace transform of ݁௧ݐ)ݑ − 2). 

 
LAPLACE TRANSFORM OF PERIODIC FUNCTION :- 

{(࢚)ࢌ}ࡸ = 
ିࢋష࢙ ∫ ;࢚ࢊ(࢚)ࢌ࢚࢙ିࢋ ࢙ > 0

 , where (ܜ) is a periodic function with period ܘ 

that is ࢚)ࢌ+ ( =  .(࢚)ࢌ

(26)  

Find the Laplace transform of the half wave rectifier 

(ݐ)݂ = ൝
݊݅ݏ ݐ߱ , 0 < ݐ < గ

ఠ

0,      గ
ఠ

< ݐ < ଶగ
ఠ

 and ݂(ݐ) = ݂ ቀݐ + ଶగ
ఠ
ቁ. 

(27)  Find the Laplace transform of ݂(ݐ) = ݊݅ݏ| ,|ݐݓ ݐ ≥ 0. 

 
CONVOLUTION:- 
The convolution of  and  is denoted by  ∗  
And is defined as ࢌ ∗ ࢍ = ∫ ࢚)ࢍ(࢛)ࢌ − ࢚࢛ࢊ(࢛

 . 
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(28)  Find the value of 1 ∗ 1 where ∗ denote convolution product. 

(29)  Find the convolution of ݐ and ݁௧. 

 INVERSE LAPLACE TRANSFORM 

(30)  Find ିܮଵ ቄ ௦
௦మିଵ

ቅ. 

(31)  Find ିܮଵ ቄ௦
యାଶ௦మାଶ
௦య(௦మାଵ)

ቅ. 

(32)  Find ିܮଵ ൜ ଵ
൫௦ା√ଶ൯൫௦ି√ଷ൯

ൠ. 

(33)  Find ିܮଵ ቄ ହ௦మାଷ௦ିଵ
(௦ିଵ)(௦ାଷ)(௦ିଶ)

ቅ. 

(34)  Find ିܮଵ ቄ ଷ௦మାଶ
(௦ାଵ)(௦ାଶ)(௦ାଷ)

ቅ. 

(35)  Find ିܮଵ ቄ ௦య

௦రି଼ଵ
ቅ. 

(36)  Find ିܮଵ ቄ− ௦ାଵ
௦మି௦ିଶ

ቅ. 

 
FIRST SHIFTING THEOREM:- 
If ିࡸ{(࢙)ࡲ} = ࢙)ࡲ}ିࡸ then ,(࢚)ࢌ − {(ࢇ =  .(࢚)ࢌ࢚ࢇࢋ

(37)  Find ିܮଵ ቄ ଵ
(௦ିଶ)ర

ቅ. 

(38)  Evaluate :ିܮଵ ቄ ଷ
௦మା௦ାଵ଼

ቅ. 

(39)  Find the inverse Laplace transform of ା௦
௦మା௦ାଵଷ

 ,use shifting theorem. 

(40)  Find ିܮଵ ቄ ௦ାଶ
(௦మାସ௦ାହ)మ

ቅ. 

(41)  Find the inverse Laplace transform of ହ௦ାଷ
(௦మାଶ௦ାହ)(௦ିଵ)

. 

 
SECOND SHIFTING THEOREM:- 
If ିࡸ{(࢙)ࡲ} = {(࢙)ࡲ࢙ࢇିࢋ}ିࡸ then ,(࢚)ࢌ = ࢚)ࢌ − ࢚)ࡴ(ࢇ −  .(ࢇ

(42)  Find the inverse Laplace transform of  ௦
షమೞ

௦మାగమ
. 
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(43)  Find the inverse Laplace transform of  
షరೞ(௦ାଶ)
௦మାସ௦ାହ

. 

 
INVERSE LAPLACE TRANSFORM OF DERIVATIVES:- 
If ିࡸ{(࢙)ࡲ} = {(࢙)′ࡲ}ିࡸ then ,(࢚)ࢌ =  .(࢚)ࢌ࢚−

(44)  Find ିܮଵ ቄ݈݃ ௦ା
௦ା

ቅ. 

(45)  Find ିܮଵ ቄ݈݃ ௦ାଵ
௦ିଵ

ቅ. 

(46)  Obtain ିܮଵ ቄ݈݃ ଵ
௦
ቅ. 

(47)  Find the inverse transform of the function ݈݊ ቀ1 + ௪మ

௦మ
ቁ. 

 

CONVOLUTION THEOREM:- 
If ۴(ܛ) and ۵(ܛ) are the Laplace transform of the two functions (ܜ) and (ܜ), that are 
sectionally continuous and of order of ܍હܜ            (હ is constant) as ܜ → ∞ , then the 
Laplace transform of the convolution  ∗ ܛ exists when  >  that is ,(ܛ)۵(ܛ)and it is ۴ ߙ
{(࢙)ࡳ(࢙)ࡲ}ିࡸ  = ∫ ࢚)ࢍ(࢛)ࢌ − ࢚࢛ࢊ(࢛

 . 

(48)  Using convolution theorem, find the inverse Laplace transform of ଵ
(௦మାమ)మ

. 

(49)  State convolution theorem and use to evaluate ିܮଵ ቄ ଵ
(௦మାఠమ)మ

ቅ. 

(50)  State the convolution theorem on Laplace transform and using it find ିܮଵ ቄ ଵ
௦(௦మାସ)

ቅ. 

(51)  State convolution theorem and use to evaluate Laplace inverse of 
 ௦మ(௦మାమ)

. 

 

APPLICATION OF LAPLACE TRANSFORM 
Laplace transform of derivative: 
if ݂(ݐ) is continuous for all t ≥ 0, and ݂′(ݐ) is piecewise continuous then {(ݐ)′݂}ܮ exists,  
provided    [୲→∞

୪୧୫ eିୱ୲ [(ݐ)݂  = 0 and  
݂}ܮ                      {(ݐ)′ = {(ݐ)݂}ܮݏ − ݂(0) = −(ݏ̅)݂ݏ ݂(0). 
In general  

{(ݐ)݂}ܮ             = (ݏ̅)݂ݏ − −ିଵ݂(0)ݏ ିଶ݂ݏ ′() −⋯− ݂(ିଵ)(0). 

(52)  Solve by Laplace transform ݕ ′′ + ݕ6 = (0)ݕ,1 = ݕ,2 ′(0) = 0. 

(53)  
Using Laplace transform solve the differential equation 
ௗమ௫
ௗ௧మ

+ 2 ௗ௫
ௗ௧

+ ݔ5 = ݁ି௧ ݊݅ݏ ݐ (0)ݔ ݁ݎℎ݁ݓ, = 0, ݔ ′(0) = 1. 
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(54)  
Solve the differential equationௗ

మ௬
ௗ௧మ

+ ݕ4 = (0)ݕ,(ݐ)݂ = 0, ݕ  ′(0) = 1 by Laplace transform 

where (i)݂(ݐ) = ቄ1,0 < ݐ < 1
0, ݐ > 1  and (ii)݂(ݐ) = ݐ)ܪ − 2). 

(55)  Solve the IVP using Laplace transform ݕ ′′ + ݕ4 = (0)ݕ,0 = ݕ,1 ′(0) = 6. 

(56)  
Solve the simultaneous equation :Using Laplace transform 
ௗ௫
ௗ௧
− ݕ = ݁௧, ௗ௬

ௗ௧
+ ݔ = ݊݅ݏ (0)ݔ given ݐ = 1, (0)ݕ = 0. 

(57)  Using Laplace transform solve the IVP ݕ ′′ + ݕ = ݊݅ݏ ݐ2 (0)ݕ, = 2, ݕ ′(0) = 1. 

(58)  By Laplace transform solve, ݕ ′′ + ܽଶݕ = ܭ ݊݅ݏ  .ݐܽ

(59)  
By using the method of Laplace transform solve the IVP : 
ݕ ′′ + ݕ2 ′ + ݕ = ݁ି௧ , (0)ݕ = ݕ ݀݊ܽ 1− ′(0) = 1 . 

 


