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UNIT : LAPLACE TRANSFORM 

 

Define Laplace transform: 
Let 푓(푡) be a given function defined for all 푡 ≥ 0,then the Laplace transform of f(t)is 
denoted by 퐿{푓(푡)} or 푓(푠) or 퐹(푆),and is defined as 퐿{푓(푡)} = ∫ 푒 푓(푡)푑푡∞ ,provided the 
integral exist. 

(1)  Prove that 퐿{1} =  and {푠푖푛ℎ 푎푡} =  . 

(2)  Prove that 퐿{푒 } = , 푠 > −푎. 

(3)  Prove that 퐿{푡 } = !  , n being positive integer. 

(4)  Find the Laplace transform of (푡) = 0,0 < 푡 < 휋
푠푖푛 푡 , 푡 > 휋  . 

(5)  Find the Laplace transform of (푡) = 0,    0 ≤ 푡 < 2
3,푤ℎ푒푛 푡 ≥ 2 . 

(6)  Find the Laplace transform of 푡 + 푒 + 푡 . 

(7)  Find 퐿{푠푖푛 2푡 푐표푠 2푡}. 

(8)  Find the Laplace transform of 푐표푠 2푡. 

(9)  Find Laplace transform of 푐표푠 (푎푡), where a is a constant. 

(10)  Find the Laplace transform of 푓(푡) = 푠푖푛ℎ(휔푡) , 푡 ≥ 0. 

 
FIRST SHIFTING THEOREM:- 

If 푳{풇(풕)} = 푭(풔), then 푳{풆풂풕풇(풕)} = 푭(풔 − 풂). 

(11)  By using first shifting theorem, obtain the value of 퐿{(푡 + 1) 푒 }. 

(12)  Find Laplace transform of 푒 푠푖푛 2푡, where a is a constant. 

 
MULTIPLIED BY 퐭퐧:- 

If 푳{풇(풕)} = 푭(풔), then 푳{풕풏풇(풕)} = (−ퟏ)풏 풅풏

풅풔풏
푭(풔);풏 = ퟏ,ퟐ,ퟑ, … 

(13)  Find the value of 퐿{푡 푠푖푛 휔푡}. 

(14)  Find the Laplace transform of 푓(푡) = 푡 푠푖푛ℎ 푎푡. 

(15)  Find the Laplace transform of 푡 푠푖푛 휋푡. 
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(16)  Find the Laplace transform of 푡 푠푖푛 2푡. 

(17)  Find the Laplace transform of  푡 푐표푠ℎ 2푡. 

 

DIVISION BY 퐭:- 
If 푳{풇(풕)} = 풇(풔), and if 푳 풇(풕)

풕
 exists then 

Prove that 푳 풇(풕)
풕

= ∫ 풇(풔)∞
풔 풅풔. 

(18)  Find 퐿 . 

(19)  Find the Laplace transform of . 

(20)  Find the Laplace  transform of . 

 
LAPLACE TRANSFORM OF THE INTEGRAL OF A FUNCTION:- 

If 푳{풇(풕)} = 푭(풔), then 푳 ∫ 풇(풖)풕
ퟎ 풅풖 = 푭(풔)

풔
; 풔 > 0. 

(21)  Find  퐿 ∫ 푒 푐표푠 푥 푑푥 . 

(22)  Find  퐿 ∫ ∫ 푠푖푛 푎푢 푑푢 푑푢 . 

(23)  Find the Laplace transform of ∫ 푒 푐표푠 푢 푑푢. 

 
If 풇(풔) is the Laplace transform of 퐟(퐭) and 퐚 ≥ ퟎ, then                                                   

prove that     푳{풇(풕 − 풂)풖(풕 − 풂)} = 풆 풂풔풇(풔). 

(24)  Find the Laplace transform of  푒 푢(푡 − 2). 

(25)  Find the Laplace transform of 푒 푢(푡 − 2). 

 
LAPLACE TRANSFORM OF PERIODIC FUNCTION :- 

푳{풇(풕)} = ퟏ
ퟏ 풆 풑풔 ∫ 풆 풔풕풇(풕)풅풕; 풔 > 0풑

ퟎ , where 퐟(퐭) is a periodic function with period 퐩 

that is 풇(풕+ 풑) = 풇(풕). 

(26)  

Find the Laplace transform of the half wave rectifier 

푓(푡) =
푠푖푛 휔푡 , 0 < 푡 <

0,      < 푡 <
 and 푓(푡) = 푓 푡 + . 

(27)  Find the Laplace transform of 푓(푡) = |푠푖푛 푤푡|, 푡 ≥ 0. 

 
CONVOLUTION:- 
The convolution of 퐟 and 퐠 is denoted by 퐟 ∗ 퐠 
And is defined as 풇 ∗ 품 = ∫ 풇(풖)품(풕 − 풖)풅풖풕

ퟎ . 
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(28)  Find the value of 1 ∗ 1 where ∗ denote convolution product. 

(29)  Find the convolution of 푡 and 푒 . 

 INVERSE LAPLACE TRANSFORM 

(30)  Find 퐿 . 

(31)  Find 퐿
( )

. 

(32)  Find 퐿
√ √

. 

(33)  Find 퐿
( )( )( )

. 

(34)  Find 퐿
( )( )( )

. 

(35)  Find 퐿 . 

(36)  Find 퐿 − . 

 
FIRST SHIFTING THEOREM:- 
If 푳 ퟏ{푭(풔)} = 풇(풕), then 푳 ퟏ{푭(풔 − 풂)} = 풆풂풕풇(풕). 

(37)  Find 퐿
( )

. 

(38)  Evaluate :퐿 . 

(39)  Find the inverse Laplace transform of  ,use shifting theorem. 

(40)  Find 퐿
( )

. 

(41)  Find the inverse Laplace transform of 
( )( )

. 

 
SECOND SHIFTING THEOREM:- 
If 푳 ퟏ{푭(풔)} = 풇(풕), then 푳 ퟏ{풆 풂풔푭(풔)} = 풇(풕 − 풂)푯(풕 − 풂). 

(42)  Find the inverse Laplace transform of  . 
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(43)  Find the inverse Laplace transform of  ( ). 

 
INVERSE LAPLACE TRANSFORM OF DERIVATIVES:- 
If 푳 ퟏ{푭(풔)} = 풇(풕), then 푳 ퟏ{푭′(풔)} = −풕풇(풕). 

(44)  Find 퐿 푙표푔 . 

(45)  Find 퐿 푙표푔 . 

(46)  Obtain 퐿 푙표푔 . 

(47)  Find the inverse transform of the function 푙푛 1 + . 

 

CONVOLUTION THEOREM:- 
If 퐅(퐬) and 퐆(퐬) are the Laplace transform of the two functions 퐟(퐭) and 퐠(퐭), that are 
sectionally continuous and of order of 퐞훂퐭            (훂 is constant) as 퐭 → ∞ , then the 
Laplace transform of the convolution 퐟 ∗ 퐠 exists when 퐬 > 훼 and it is 퐅(퐬)퐆(퐬), that is 
 푳 ퟏ{푭(풔)푮(풔)} = ∫ 풇(풖)품(풕 − 풖)풅풖풕

ퟎ . 

(48)  Using convolution theorem, find the inverse Laplace transform of 
( )

. 

(49)  State convolution theorem and use to evaluate 퐿
( )

. 

(50)  State the convolution theorem on Laplace transform and using it find 퐿
( )

. 

(51)  State convolution theorem and use to evaluate Laplace inverse of 
 ( )

. 

 

APPLICATION OF LAPLACE TRANSFORM 
Laplace transform of derivative: 
if 푓(푡) is continuous for all t ≥ 0, and 푓′(푡) is piecewise continuous then 퐿{푓′(푡)} exists,  
provided    [→∞ e  푓(푡)] = 0 and  
                     퐿{푓 ′(푡)} = 푠퐿{푓(푡)} − 푓(0) = 푠푓(̅푠)− 푓(0). 
In general  

            퐿{푓 (푡)} = 푠 푓(̅푠) − 푠 푓(0)− 푠 푓 ′( ) −⋯− 푓( )(0). 

(52)  Solve by Laplace transform 푦 ′′ + 6푦 = 1,푦(0) = 2,푦 ′(0) = 0. 

(53)  
Using Laplace transform solve the differential equation 

+ 2 + 5푥 = 푒 푠푖푛 푡 ,푤ℎ푒푟푒 푥(0) = 0, 푥 ′(0) = 1. 
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(54)  
Solve the differential equation + 4푦 = 푓(푡),푦(0) = 0,  푦 ′(0) = 1 by Laplace transform 

where (i)푓(푡) = 1,0 < 푡 < 1
0, 푡 > 1  and (ii)푓(푡) = 퐻(푡 − 2). 

(55)  Solve the IVP using Laplace transform 푦 ′′ + 4푦 = 0,푦(0) = 1,푦 ′(0) = 6. 

(56)  
Solve the simultaneous equation :Using Laplace transform 
− 푦 = 푒 , + 푥 = 푠푖푛 푡 given 푥(0) = 1, 푦(0) = 0. 

(57)  Using Laplace transform solve the IVP 푦 ′′ + 푦 = 푠푖푛 2푡 ,푦(0) = 2, 푦 ′(0) = 1. 

(58)  By Laplace transform solve, 푦 ′′ + 푎 푦 = 퐾 푠푖푛 푎푡. 

(59)  
By using the method of Laplace transform solve the IVP : 
푦 ′′ + 2푦 ′ + 푦 = 푒 , 푦(0) = −1 푎푛푑 푦 ′(0) = 1 . 

 


