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J Introduction

>
>

>

The high speed of engines and other machines 1s a common phenomenon now-a-days.

It 1s, therefore, very essential that all the rotating and reciprocating parts should be completely balanced
as far as possible.

If these parts are not properly balanced, the dynamic forces are set up.

These forces not only increase the loads on bearings and stresses in the various members, but also
produce unpleasant and even dangerous vibrations.

In this chapter we shall discuss the balancing of unbalanced forces caused by rotating masses, in order to
minimize pressure on the main bearings when an engine 1s running.
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O Balancing of Rotating Masses

>

>

Whenever a certain mass is attached to a rotating shaft, it exerts some centrifugal force, whose effect is to
bend the shaft and to produce vibrations 1n it.

In order to prevent the effect of centrifugal force, another mass is attached to the opposite side of the
shaft, at such a position so as to balance the effect of the centrifugal force of the first mass.

This 1s done in such a way that the centrifugal force of both the masses are made to be equal and
opposite.

The process of providing the second mass in order to counteract the effect of the centrifugal force of the
first mass, is called balancing of rotating masses.

The following cases are important from the subject point of view:
Balancing of a single rotating mass by a single mass rotating in the same plane.
Balancing of a single rotating mass by two masses rotating in different planes.
Balancing of different masses rotating in the same plane.
Balancing of different masses rotating in different planes.
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 Balancing of a Single Rotating Mass By a Single Mass Rotating in the Same Plane

» Consider a disturbing mass m, attached to a shaft rotating at Disturbing
] . m Ve
o rad/s as shown in Fig. é%— —————- _ mass
» Let r, be the radius of rotation of the mass m, (i.e. distance e 1
between the axis of rotation of the shaft and the centre of i "
gravity of the mass m,). ———— - 3 -Axis of rotation
» We know that the centrifugal force exerted by the mass m, |, A
| /
on the Shaft’ ‘— / »Balancing mass
, m ———- mp
Foy=my- -1y (1)

» This centrifugal force acts radially outwards and thus produces bending moment on the shaft. In order to
counteract the effect of this force, a balancing mass (m,) may be attached in the same plane of rotation as
that of disturbing mass (m,) such that the centrifugal forces due to the two masses are equal and opposite.

Let r, = Radius of rotation of the balancing mass m,, (i.e. distance between the
axis of rotation of the shaft and the centre of gravity of mass m, ).

Centrifugal force due to mass m,,

5]

FC3=H'?2-(1)'-!'2 ”.(2)
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 Balancing of a Single Rotating Mass By a Single Mass Rotating in the Same Plane

Equating equations (i) and (i), m Disturbing
1 Ve
5 5 _%%_ _ _ _ _ mass
MmO - =ny-W -1 OF M- =ny-h my
> r
Notes : n
1. The product m,.r, may be split up in any convenient way. | -—-—-—-—-—- J'Axis of rotation
But the radius of rotation of the balancing mass (m,) is |, A
. . | /
generally made large in order to reduce the balancing mass / _-Balancing mass
IIl2. mp - - - mo

2. The centrifugal forces are proportional to the product of the
mass and radius of rotation of respective masses, because
®’ is same for each mass.
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[ Balancing of a Single Rotating Mass By Two Masses Rotating in Different Planes

» We have discussed in the previous article that by introducing a single balancing mass in the same plane of
rotation as that of disturbing mass, the centrifugal forces are balanced.

» In other words, the two forces are equal in magnitude and opposite in direction.

» But this type of arrangement for balancing gives rise to a couple which tends to rock the shaft in its
bearings.

» Therefore in order to put the system in complete balance, two balancing masses are placed in two
different planes, parallel to the plane of rotation of the disturbing mass, in such a way that they satisfy the
following two conditions of equilibrium.

1. The net dynamic force acting on the shaft is equal to zero. This requires that the line of action of three
centrifugal forces must be the same. In other words, the centre of the masses of the system must lie on
the axis of rotation. This 1s the condition for static balancing.

2. The net couple due to the dynamic forces acting on the shaft 1s equal to zero. In other words, the
algebraic sum of the moments about any point in the plane must be zero.

» The conditions (1) and (2) together give dynamic balancing. The following two possibilities may arise

while attaching the two balancing masses :

1. The plane of the disturbing mass may be in between the planes of the two balancing masses, and

2. The plane of the disturbing mass may lie on the left or right of the two planes containing the balancing
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[ Balancing of a Single Rotating Mass By Two Masses Rotating in Different Planes

» We have discussed in the previous article that by introducing a single balancing mass in the same plane of
rotation as that of disturbing mass, the centrifugal forces are balanced.

» In other words, the two forces are equal in magnitude and opposite in direction.
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bearings.

» Therefore in order to put the system in complete balance, two balancing masses are placed in two
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centrifugal forces must be the same. In other words, the centre of the masses of the system must lie on
the axis of rotation. This 1s the condition for static balancing.

2. The net couple due to the dynamic forces acting on the shaft 1s equal to zero. In other words, the
algebraic sum of the moments about any point in the plane must be zero.

» The conditions (1) and (2) together give dynamic balancing. The following two possibilities may arise

while attaching the two balancing masses :

1. The plane of the disturbing mass may be in between the planes of the two balancing masses, and

2. The plane of the disturbing mass may lie on the left or right of the two planes containing the balancing
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1. When the plane of the disturbing mass lies in between the planes of the two
balancing masses

» Consider a disturbing mass m lying in a plane A to be balanced by two rotating masses m, and m, lying in
two different planes L and M as shown in Fig.
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» Letr, r; and r, be the radii of rotation of the masses in planes A, L and M respectively.
» Let /, = Distance between the planes A and L,

» [, = Distance between the planes A and M, and

» [ = Distance between the planes L and M.

*Khurmi, R. et al.; Theory of Machines, 14th ed. ‘\M I n'\J
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>

>

>

>

We know that the centrifugal force exerted by the mass m in the plane A4,

FC:I’}’Z'C()z'I/'

Similarly, the centrifugal force exerted by the mass m, in the plane L,

and, the centrifugal force exerted by the mass m, in the plane M,

Since the net force acting on the shaft must be equal to zero, therefore the centrifugal force on the
disturbing mass must be equal to the sum of the centrifugal forces on the balancing masses, therefore

Somer=m;-r;tm,er,

(1)

Now in order to find the magnitude of balancing force in the plane L (or the dynamic force at the
bearing Q of a shaft), take moments about P which is the point of intersection of the plane M and the
axis of rotation. Therefore

Foyxl=F.xl, or m;- @& rxl=m-& rxl,
. m]'l/']Xl:n’l'If'XZZ

. (2)

Similarly, in order to find the balancing force in plane M (or the dynamic force at the bearing P of a
shaft), take moments about Q which is the point of intersection of the plane L and the axis of rotation.

Therefore

FooxI=F.xl, or my @ ryxl=m-& rxl
. mz'l/'ZXl:m'er]
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1. When the plane of the disturbing mass lies on one end of the planes of the
balancing masses

» In this case, the mass m lies in the plane A and the balancing masses lie in the planes L and M, as shown
in Fig.

» As discussed, the following conditions must be satisfied in order to balance the system, i.e.
CLomertmyr,=myery ..(4)
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» Now, to find the balancing force in the plane L (or the dynamic force at the bearing Q of a shaft), take
moments about P which is the point of intersection of the plane M and the axis of rotation. Therefore
Foyxl=F.xl, or m;- @& rxl=m-& rxl,

csomypryxl=m-rxl, ..(5)
» Similarly, in order to find the balancing force in plane M (or the dynamic force at the bearing P of a
shaft), take moments about Q which is the point of intersection of the plane L and the axis of rotation.
Therefore
FooxI=F.xl, or my @ ryxl=m-& rxl
cLomyr,xl=mor x|, ...(6)
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 Balancing of Several Masses Rotating in the Same Plane

» Consider any number of masses (say four) of magnitude
m,;, m, m; and m, at distances of r,, r,, r; and r, from the Fce
axis of the rotating shaft. Let w, @, ®; and w, be the Resultant
angles of these masses with the horizontal line OX, as
shown in Fig. (a).

» Let these masses rotate about an axis through O and
perpendicular to the plane of paper, with a constant
angular velocity of o rad/s.

» The magnitude and position of the balancing mass may be

found out by:-
1. Analytical Method \
2. Graphical Method Foa Fc

(a) Space diagram.
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 Balancing of Several Masses Rotating in the Same Plane

1. Analytical Method
» The magnitude and direction of the balancing mass may be obtained, analytically, as discussed below :
1. First of all, find out the centrifugal force (or the product of the mass and its radius of rotation)
exerted by each mass on the rotating shatft.

2. Resolve the centrifugal forces horizontally and vertically and find their sums, 1.e. XH and 2V . We
know that

» Sum of horizontal components of the centrifugal forces,

YH =my-1,cos0,+my-r,cos0,+......
» and sum of vertical components of the centrifugal forces,

YV =my -rpsm0;+m, rsinb, +......

3. Magnitude of the resultant centrifugal force,

Fe=\(ZH) +(ZV)?
4. If O 1s the angle, which the resultant force makes with the horizontal, then

tan0=XV/XH
5. The balancing force 1s then equal to the resultant force, but in opposite direction.

6. Now find out the magnitude of the balancing mass, such that
Fe=m-r

*Khurmi, R. et al.; Theory of Machines, 14th ed. ‘\M I n'\J
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 Balancing of Several Masses Rotating in the Same Plane

2. Graphical Method
» The magnitude and position of the balancing mass may also
be obtained graphically as discussed below:

1.

2.

First of all, draw the space diagram with the positions

of the several masses, as shown in Fig. (a).

Find out the centrifugal force (or product of the mass

and radius of rotation) exerted by each mass on the

rotating shalft.

Now draw the vector diagram with the obtained

centrifugal forces (or the product of the masses and

their radn of rotation), such that ab represents the

centrifugal force exerted by the mass m,; (or m,.r;) in

magnitude and direction to some suitable scale.

» Similarly, draw bc, c¢d and de to represent
centrifugal forces of other masses m, m; and m,
(or m,.r,, ms.r; and m,.r,).

*Khurmi, R. et al.; Theory of Machines, 14th ed.
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 Balancing of Several Masses Rotating in the Same Plane

2. Graphical Method

4.

or
my.r,

Now, as per polygon law of forces, the
closing side ae represents the resultant
force in magnitude and direction, as
shown 1n Fig. (b).

The balancing force is, then, equal to
the resultant force, but in opposite
direction.

Now find out the magnitude of the
balancing mass (m) at a given radius of
rotation (7), such that

m- &” - r = Resultant centrifugal force

m.r = Resultant of m,.r, m,.r, m;r; and

*Khurmi, R. et al
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 Balancing of Several Masses Rotating in the Same Plane

1. Analytical Method
» The magnitude and direction of the balancing mass may be obtained, analytically, as discussed below :
1. First of all, find out the centrifugal force (or the product of the mass and its radius of rotation)
exerted by each mass on the rotating shatft.

2. Resolve the centrifugal forces horizontally and vertically and find their sums, 1.e. XH and 2V . We
know that
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YH =my-1,cos0,+my-r,cos0,+......
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YV =my -rpsm0;+m, rsinb, +......
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 Balancing of Several Masses Rotating in the Same Plane

2. Graphical Method
» The magnitude and position of the balancing mass may also
be obtained graphically as discussed below:

1.

2.

First of all, draw the space diagram with the positions

of the several masses, as shown in Fig. (a).

Find out the centrifugal force (or product of the mass

and radius of rotation) exerted by each mass on the

rotating shalft.

Now draw the vector diagram with the obtained

centrifugal forces (or the product of the masses and

their radn of rotation), such that ab represents the

centrifugal force exerted by the mass m,; (or m,.r;) in

magnitude and direction to some suitable scale.

» Similarly, draw bc, c¢d and de to represent
centrifugal forces of other masses m, m; and m,
(or m,.r,, ms.r; and m,.r,).

*Khurmi, R. et al.; Theory of Machines, 14th ed.
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 Balancing of Several Masses Rotating in the Same Plane

2. Graphical Method

4.

or
my.r,

Now, as per polygon law of forces, the
closing side ae represents the resultant
force in magnitude and direction, as
shown 1n Fig. (b).

The balancing force is, then, equal to
the resultant force, but in opposite
direction.

Now find out the magnitude of the
balancing mass (m) at a given radius of
rotation (7), such that

m- &” - r = Resultant centrifugal force

m.r = Resultant of m,.r, m,.r, m;r; and
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J Example 1: Four masses m,, m, m; and m, are 200 kg, 300 kg, 240 kg and 260 kg respectively. The
corresponding radii of rotation are 0.2 m, 0.15 m, 0.25 m and 0.3 m respectively and the angles between
successive masses are 45°, 75° and 135°. Find the position and magnitude of the balance mass
required, if its radius of rotation is (.2 m.

Solution. Given : m, = 200 kg ; m, = 300 kg ; my = 240 kg ; m, = 260 kg ; ry = 0.2 m:;
ry=015m;r;=025m;r;,=03m: 6, =0°: 6, =45°; 63 =45°+75°=120°; B, =45° +75°
+ 135°=255°:;r=02m

Let m = Balancing mass, and

0 = The angle which the balancing mass makes with m,.

Since the magnitude of centrifugal forces are
proportional to the product of each mass and its radius,

therefore my -, =200x 0.2 = 40kg-m
m, - 1, =300 x0.15=45kg-m
my -1y = 240 x0.25= 60 kg-m
my -1, =260x0.3=78 kg-m

The problem may, now, be solved either analytically
or graphically. But we shall solve the problem by both the

methods one by one.
*Khurmi, R. et al.; Theory of Machines, 14th ed. ‘\M I n'\J
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1. Analytical method

The space diagram is shown in Fig.
Resolving m 1F s Myly, Mig.Ty and my.r, horizontally,
YH =my -r; cosO, +m, -1, C0SO, +mi5 130805 +my -1y COSO,
=40c080°+45c0s45°+ 60 cos 120° + 78 cos 255°
=40+31.8-30-20.2 =21.6 kg-m

Now resolving vertically,
XV =my s, +m, -1 sin0, +n1, - 558105 +my -1, Sin0,
=40sin0°+45sin45°+60sin120° 4+ 78 sin 255°
=0+31.84+52-75.3=8.5 kg-m

~Resultant, R = \J£H)? +(ZV)? =4/(21.6)> + (8.5 =232 ke-m
We know that

m-r=R=232 or m=232/r=232/0.2=116 kg Ans.
and tan® =XV /LZH =85/21.6=0.3935 or @ =21.48°

Since @ is the angle of the resultant R from the horizontal mass of 200 kg, therefore the
angle of the balancing mass from the horizontal mass of 200 kg,

0 = 180° + 21.48° = 201.48° Ans.

*Khurmi, R. et al.; Theory of Machines, 14th ed. ‘\ M I R '\J
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2. Graphical method

The magnitude and the position of the balancing mass may also be found graphically as
discussed below :
1. First of all, draw the space diagram showing the positions of all the given masses as
shown in Fig (a).
2. Since the centrifugal force of each mass is proportional to the product of the mass and

radius, therefore
m.r, =200 x 0.2 = 40 kg-m

m,.r, = 300 x 0.15 = 45 kg-m
my.ry = 240 x 0.25 = 60 kg-m
my.ry, =260 x 0.3 = 78 kg-m

3. Now draw the vector diagram with the above values, to some suitable scale, as shown in
Fig. (b). The closing side of the polygon ae represents the resultant force. By mea-

surement, we find that ae = 23 kg-m.

4. The balancing force is equal to the resultant force, but opposite in direction as shown in
(a). Since the balancing force is proportional to m.r, therefore

m = 23/0.2 = 115 kg Ans.

Fig.

m x 0.2 = vector ea = 23 kg-m or

By measurement we also find that the angle of inclination of the balancing mass (m) from
the horizontal mass of 200 kg,

6 =201° Ans.
*Khurmi, R. et al.; Theory of Machines, 14th ed.
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[ Balancing of several masses rotating in different planes

» When several masses revolve in different planes, they may be transferred to a reference plane (bricfly
written as R.P.), which may be defined as the plane passing through a point on the axis of rotation and
perpendicular to it.

» The effect of transferring a revolving mass (in one plane) to a reference plane is to cause a force of
magnitude equal to the centrifugal force of the revolving mass to act in the reference plane, together with
a couple of magnitude equal to the product of the force and the distance between the plane of rotation and
the reference plane.

» In order to have a complete balance of the several revolving masses in different planes, the following two
conditions must be satisfied :

1. The forces in the reference plane must balance, i.e. the resultant force must be zero.
2. The couples about the reference plane must balance, i.e. the resultant couple must be zero.

AMIRAJ
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 Balancing of several masses rotating in different planes

» Let us now consider four masses m,, m,, m; and m, revolving in planes 1, 2, 3 and 4 respectively as
shown in Fig. (a).

» The relative angular positions of these masses are shown in the end view [Fig. (b)].

» The magnitude of the balancing masses m; and m,, in planes L and M may be obtained as discussed
below :

1. Take one of the planes, say L as the reference plane (R.P.). The distances of all the other planes to the
left of the reference plane may be regarded as negative, and those to the right as positive.

- ve+e——R.P. —+ ve

ONOROBOIVINE

O

|--t-1'1 «/,>
«— [ —>]

'
F—

e
v

(a) Position of planes of the masses. (b) Angular position of the masses.
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1 Balancing of several masses rotating in different planes

2. Tabulate the data as shown in Table 1. The planes are tabulated in the same order in which they occur,

reading from left to right.

—Ve= R.P. >+ Ve
®mM @
, ) _ . . o)
Plane Mass (m) Radius(r) Cent. force ~ (1}2 Distance from Couple - o) S N I N N A
0
(m.r) Plane L (1) (m.r.l) i “““-1-’2*[F
_ _ _ _ . . g™
(1) (2) (3) (4) (5) (6) — zm{_..
4
] m, I m.r —!1 — ml.rl..’l
L(R.P.) m; = my .y 0 0
2 m, s Mm,.r, [, Mm,.r,.1,
3 m, e ms.ry [ my.rs.15
M My, M My !M JJ?M.rM..’M
al m, - my.r, [ my.ry.l,

*Khurmi, R. et al.; Theory of Machines, 14th ed.

(b) Angular position of the masses.
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 Balancing of several masses rotating in different planes

3. A couple may be represented by a vector drawn
perpendicular to the plane of the couple. The couple C,
introduced by transferring m, to the reference plane
through O 1s proportional to m,.r;./; and acts in a plane
through Om, and perpendicular to the paper.

» The vector representing this couple is drawn in the
plane of the paper and perpendicular to Om, as shown
by OC, in Fig. (¢).

» Similarly, the vectors OC,, OC; and OC, are drawn
perpendicular to Om,, Om; and Om, respectively and in
the plane of the paper.

*Khurmi, R. et al.; Theory of Machines, 14th ed.

VY
c, OM

(c) Couple vector.
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 Balancing of several masses rotating in different planes

4. The couple vectors as discussed above, are turned
counter clockwise through a right angle for convenience
of drawing as shown in Fig. (d).

We see that their relative positions remains unaffected.

Now the vectors OC,, OC; and OC, are parallel and in
the same direction as Om,, Om; and Om,, while the
vector OC, 1s parallel to Om, but in opposite direction.

A\

A\

» Hence the couple vectors are drawn radially outwards
for the masses on one side of the reference plane and J'c
radially inward for the masses on the other side of the 4
reference plane.

(d) Couple vectors turned
counter clockwise through
a right angle.

*Khurmi, R. et al.; Theory of Machines, 14th ed. ‘\M I n’\J
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1 Balancing of several masses rotating in different planes

S.
>
>

Now draw the couple polygon as shown in Fig. (e).

The vector d o represents the balanced couple.

Since the balanced couple C,, is proportional to
myp.Fyp-lyp, therefore

vector d’ o

Chyx =g T - Iy =vector do°  or "M~
M M ™M M v - I

From this expression, the value of the balancing mass
my,; 1n the plane M may be obtained, and the angle of
inclination of this mass may be measured from Fig. (b).

. . *Khurmi, R. et al.; Theory of Machines, 14th ed.
(b) Angular position of the masses.

(e) Couple polygon.
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 Balancing of several masses rotating in different planes

5. Now draw the force polygon as shown in Fig. ( f).

» The vector eo (in the direction from e to o) represents
the balanced force. Since the balanced force is
proportional to m, .7, therefore,

vector eo

my - I} = vector eo or ML=

=]

.

» From this expression, the value of the balancing mass

my 1n the plane L may be obtained and the angle of 0
inclination of this mass with the horizontal may be
measured from Fig. (b).

o

. . *Khurmi, R. et al.; Theory of Machines, 14th ed.
(b) Angular position of the masses.

( f) Force polygon.
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Q Example :- A shaft carries four masses A, B, C and D of magnitude 200 kg, 300 kg, 400
kg and 200 kg respectively and revolving at radii 80 mm, 70 mm, 60 mm and 80 mm in
planes measured from A at 300 mm, 400 mm and 700 mm. The angles between the
cranks measured anticlockwise are A to B 45°, B to C 70° and C to D 120°. The
balancing masses are to be placed in planes X and Y. The distance between the planes A
and X is 100 mm, between X and Y is 400 mm and between Y and D is 200 mm. If the
balancing masses revolve at a radius of 100 mm, find their magnitudes and angular
positions.

Solution. Given : m, = 200 kg ; mzg = 300 kg ; m- =400 kg ; mp =200 kg ; , = 80 mm = 0.08m ; rz = 70
mm=0.07m;r.=60mm=0.06m;r,=80mm =0.08m;ry=r,=100mm=0.1m

*Khurmi, R. et al.; Theory of Machines, 14th ed. ‘\M I n’\J
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Solution. Given : m, = 200 kg ; mg = 300 kg ; m- = 400 kg ; mp =200 kg ; , = 80 mm = 0.08m ; r5 = 70
mm=0.07m;r.=60mm=0.06m;r,=80mm =0.08m;ry=r,=100mm=0.1m

» Let my = Balancing mass placed in plane X, and m, = Balancing mass placed in plane Y.

» The position of planes and angular position of the masses (assuming the mass A as horizontal) are shown
in Fig. (a) and (b) respectively.

-ve RP tve

®® ®OO® ©

—| 100 |<— 400 ———»|«—200—>

— 300 —>|

400

500 ———>]
700 >

A A A

All dimensions in mm.

(a) Position of planes. (b) Angular position of masses.

» Assume the plane X as the reference plane (R.P.). The distances of the planes to the right of plane X are
taken as + ve while the distances of the planes to the left of plane X are taken as — ve.

*Khurmi, R. et al.; Theory of Machines, 14th ed. ‘\M I n'\J
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The data may be tabulated as shown in Table

Plane Mass (m) Radius (r) Cent.force = o | Distance from | Couple - 0°
kg m (m.r) kg-m Plane x(1) m (m.r.l) kg-mz
(1) (2) (3) (4) (5) (6)
A 200 0.08 16 — 0.1 — 1.6
X(R.P.) my 0.1 0.1 my 0 0
B 300 0.07 21 0.2 4.2
C 400 0.06 24 0.3 7.2
Y my 0.1 0.1 m, 0.4 0.04 m,,
D 200 0.08 16 0.6 0.6

—ve RP 4ive

—

100 |<— 400 ———|«—200—

«— 300 —]

400

500 |

700

All dimensions in mm.

(a) Position of planes.

(b) Angular position of masses.

*Khurmi, R. et al.; Theory of Machines, 14th ed.
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1. First of all, draw the couple polygon from the data given in

Table (column 6) as shown in Fig. (¢) to some suitable scale. c
» The vector d'o’ represents the balanced couple. Since the

balanced couple is proportional to 0.04 my, therefore by

0.04 my =vectord o' =17.3 ke-m®  or my = 182.5 kg Ans.

7.2
» The angular position of the mass m. is obtained by drawing m 0.6
in Fig. (b), parallel to vector d'o’.
» By measurement, the angular position of my i1s 6y = 12° in the
bf

clockwise direction from mass m, (i.e. 200 kg ). Ans.

(¢) Couple polygon.

ons in mm.

(b) Angular position of masses.

*Khurmi, R. et al.; Theory of Machines, 14th ed. ‘\M I n'\J
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Now draw the force polygon from the data given in Table (column
4) as shown in Fig. (d).

The vector eo represents the balanced force. Since the balanced
force 1s proportional to 0.1 my, therefore by measurement,

0.1my =vector eo=355kg-m  or my = 355 kg Ans.

» The angular position of the mass my is obtained by drawing
Omy in Fig. (b), parallel to vector eo.

» By measurement, the angular position of my is 6y = 145° in the
clockwise direction from mass m, (i.e. 200 kg ). Ans.

(d) Force polygon.

ons in mm.

(b) Angular position of masses.

*Khurmi, R. et al.; Theory of Machines, 14th ed. ‘\M I n'\J
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Q Example 2 :- A shaft carries four masses in parallel planes A, B, C and D in this order
along its length. The masses at B and C are 18 kg and 12.5 kg respectively, and each
has an eccentricity of 60 mm. The masses at A and D have an eccentricity of 80 mm.
The angle between the masses at B and C is 100° and that between the masses at B and
A is 190°, both being measured in the same direction. The axial distance between the
planes A and B is 100 mm and that between B and C is 200 mm. If the shaft is in
complete dynamic balance, determine : 1. The magnitude of the masses at A and D; 2.
the distance between planes A and D, and 3. the angular position of the mass at D.

— . . . _ . _ '-J . g e owe —_ . g —_ =
Solution. Given : My = 18 kg ; Me = 12.5 kg ; rp="rc= 60 mm = 0.06 m ; Fa=1Ip= 80 mm

=0.08 m; ZBOC=100°; £ BOA = 190°

*Khurmi, R. et al.; Theory of Machines, 14th ed. ‘\M I n'\J
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The position of the planes and angular position of the masses is shown in Fig. (a) and (b) respectively.

12.5 kg
R.P. +ve C
—p
® ® © o
18 kg
190° 100°
\ 80 o0 @
«100-]«——200—] 2
- X > MA

@)
80
D
Imp
All dimensions in mm.

(a) Position of planes. (b) Angular position of masses.

*Khurmi, R. et al.; Theory of Machines, 14th ed. ‘\M I n'\J
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» The data may be tabulated as shown in Table

Plane Mass Eccentricity | Cent. force - g | Distance from | Couple - @’
(m) kg (r) m (m.r) kg-m plane A(l)m (m.r.l) kg-m}
(1) (2) (3) (4) (3) (6)
A (R.P) m, 0.08 0.08 m, 0 0
B 18 0.06 1.08 0.1 0.108
C 12.5 0.06 0.75 0.3 0.225
D mp 0.08 0.08 mp X 0.08 mp . x

*Khurmi, R. et al.; Theory of Machines, 14th ed.
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0.225

: >
0. 1.08

O.TOB (d) Force polygon.

C l 1 0.08 m, = vector cd = 0.77 kg-m or m, = 9.625 kg Ans.
(c) Couple polygon.

and vector do is proportional to 0.08 myp, therefore by measurement,

e vae S — _ 2
0.08 mp.x = vector ¢o- = 0.235 kg-m 0.08 mp, = vector do = 0.65 kg-m or mp = 8.125 kg Ans.

*Khurmi, R. et al.; Theory of Machines, 14th ed. ‘\ M I R '\J
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2. Distance between planes A and D
From equation (i),
0.08 mp.x = 0.235 kg-m2
0.08 x 8.125 x x = 0.235 kg-m? or 0.65 x = 0.235

0.235
X = =(0.3615m = A NS
0.65 361.5 mm Ans.
3. Angular position of mass at D
By measurement from Fig. (b), we find that the angular position of mass at D from

mass B in the anticlockwise direction, i.e. Z BOD = 251° Ans.

*Khurmi, R. et al.; Theory of Machines, 14th ed. ‘\M I R'\J
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Q Example 3 :- A shaft is supported in bearings 1.8 m apart and projects 0.45 m beyond
bearings at each end. The shaft carries three pulleys one at each end and one at the
middle of its length. The mass of end pulleys is 48 kg and 20 kg and their centre of
gravity are 15 mm and 12.5 mm respectively from the shaft axis. The centre pulley has a
mass of 56 kg and its centre of gravity is 15 mm from the shaft axis. If the pulleys are
arranged so as to give static balance, determine : 1. relative angular positions of the
pulleys, and 2. dynamic forces produced on the bearings when the shaft rotates at 300
rp.m.

Solution. Given : m, =48 kg ; m=20kg; r,=15mm=0.015m ;7. =12.5mm =0.0125m ; mz = 56 kg ;
rg=15mm=0.015m ; N=300rp.m.or=2 x300/60=31.42 rad/s

*Khurmi, R. et al.; Theory of Machines, 14th ed. ‘\M I n'\J
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» The position of the shaft and pulleys is shown in Fig. (a).

—ve R.P. +ve

< 2.7 m >

(a) Position of shaft and pulleys.

*Khurmi, R. et al.; Theory of Machines, 14th ed. ‘\ M I R '\J
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The data may be tabulated as shown in Table

Plane Mass Radius Cent. force = o’ | Distance from | Couple = o’
(m) kg (r) m (m.r) kg-m plane L(l)m (m.r.l) f'{g-mz
(1) (2) (3) (4) (5) (6)
A 48 0.015 0.72 — 0.45 —0.324
L(R.P) m; r my .1 0 0
B 56 0.015 .84 0.9 0.756
M my I N 1.8 1.8 1 P
C 20 0.0125 0.25 2.25 0.5625

*Khurmi, R. et al.; Theory of Machines, 14th ed.
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B
& ms
0.72 3!
D.Bf—"lL
C
0.25
O

(¢) Force polygon.

Angle between pulleys Band A = 161° Ans.

Angle between pulleys A and C = 76° Ans. .
Angle between pulleys C and B = 123° Ans. (b) Allgl.llﬂl' prlTlDﬂ of pUllE}"h.

*Khurmi, R. et al.; Theory of Machines, 14th ed. ‘\ M I n '\J
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0.5625 - 0.324

C's b’
*.. Balanced
*,couple

1.8 M. r . AU'?SB 1.8 nmy.ry; = vector ¢’ 0’ =0.97 kg-m* or .1y = 0.54 kg-m

" MM . .. :

. . Dynamic force at the bearing M
= myay-0F =0.54 (31.42)* = 533 N Ans.
‘Dr

(d) Couple polygon.

*Khurmi, R. et al.; Theory of Machines, 14th ed. ‘\M I R'\J
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0.844

Balanced *. §0.72

force m_ %

(e) Force polygon.

my .r; = 0.54 kg-m
. Dynamic force at the bearing L

= my .p.0° = 0.54 (31.42)* = 533 N Ans.

Out-of-balance couple

= vector 0" ¢ = 0.97 kg-m?
=097 x o =097 (31.42)* = 957.6 N-m

Dynamic force on each bearing

Out-of-balance couple ~ 957.6

~ Distance between bearings 18 = 532 N Ans.

*Khurmi, R. et al.; Theory of Machines, 14th ed.
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QA Partial Balancing of Locomoatives
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Q Effect of Partial Balancing of Locomoatives
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A Variation of Tractive Force (Fy)
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A Variation of Tractive Force (Fy)
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d Swaying Couple (Cs)
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d Swaying Couple (Cs)
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J Hammer Blow
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Q Example 1 :- A two cylinder locomotive engine has following specifications:
Reciprocating masses/cylinder =300 kg
Crank Radius = 290 mm

Angle between crank = 90°
Driving wheel diagram = 1780 mm
Distance between cylinder centres = 640 mm

Distance between driving wheel plans = 1530 mm
Determine:

(1) The fraction of reciprocating masses to be balanced if the hammer blow is not to exceed 45 kN at
95 km/hr speed.

(2) The variation in the tractive effort.
(3) The magnitude of swaying couple.

T P R o B TP TP R P BT PrP R FF rrresssssnnnnne

Soln.: Distance between cyliﬁder centers, [ = 640 mm = 0.64 m
Givendata: Massof reciprocating parts, m = 300kg - Distance betwéen driving wheel planes, a = 1530 mm =1.53m
Radius of crank, r =290 mm =0.29 m ‘Hammer Blow, F;;=45kN at V = 95 km/hr

‘Driving wheel radius, R = '1—72'@ = 890 mm.= 0.89 m

AMIRAJ
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Cylinderd
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- (a) Posiﬁon of planes (b) Crank position (©) Couple polygon
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Draw couple polygon taking data from column 6 of Table P.3.1.1. Put Equation (iv) in Equation (i)

From Fig. P 3.1.1(c) | My, Ty, (1.53) = (101.62) ¢
Cy = \f Cb2+C: K (SLI8)(1.53) = (101.62)c _ _
= \(38.72¢) +(9396¢c) | e ta S s Al AN
' The variation in tractive effort is, . '
= (101.62)c | - X
but, . C; = my,r,;(1.53) 7 ' FT:iﬁmm r(l-c) . A
| = (101.62)¢c ) = +4/2 (300) (29.65)* - 0.29 (1 - 0.77)
We know that, e " Fr =1 (1.414) (300) (879.12) (0. 29) (0.23)
- Hammer Blow = Fyy=my, 0 sz-mm"’ Ty (i) =1 24873.94 N S . " ..Ambs,
v = 95 km/hr = 953 ;Ot)o e The swayllng couple is,
, I S
= 2638 m/sec. ) : Cs—i\ﬁmw r(l-c)

vV - 0. , g |
© = T =80 =29.65rad/sec. ..(ii) - i-\% (300) (29.65)* (0.29) (1 - 0.77)

L Eq“a"m;iz) a__f‘d f]l::zm g R - I I C, = 17962.06 Nm .Ans.
b2
45%x10° = my, (29. 65)° Ty |
3 45000 Ty
el = (99 65) -
m,r, = 5118 - . (V)
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Q Example 2 :- The following data refers to an inside cylinder locomotive:
Mass of reciprocating parts/cylinder  : 36 kg

Revolving masses/cylinder : 16 kg
Pitch of the cylinder : 700 mm
Angle between crank : 900
Length of each crank : 320 mm
Wheel tread diameter : 1900 mm
Distance between plans of wheel : 1800 mm
Limiting speed of locomotive : 100 kmph

If total revolving masses and 2/3 of the reciprocating parts are to be balanced, determine :
(i) Variation of tractive force.
(ii) Maximum swaying couple.

Soln. : . |
5 Radius of crank, r =320 mm =0.32 m
Given : c=% =0.66 |
3. Driving wheel radius, R = L LU 950 =0.95
Mass of reciprocating parts, m = 36 kg _ A
Mass of rotating parts, m, = 16 kg | Distance between cylinder centers, / =700 mm = 0.7 m -

thal mass 1;.0 be balanced, m = m, +% m=16 +"32" X36=40 kg DiStanpe betwgen driving wheel planes, a=1800 mm =]18m
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{a) Position of planes ~(b) Crank position

(¢) Couple polygon
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Cy

but, C,
My, 1y,

Now, Vv
w

. Hammer blow

i

|

O+ =704 +(16)°

17.48
my, 1, (1.8) = 17.48
9.71 ;
~ 100 x 10
100. km/hr ="23600 m/sec :
27.77 m/sec.
v 2777

my, 1, ©° =9.71 % '(29.23)
8301.69 N

The variation in tractive effort is,

Fr

Fp

+4/2 mo’r (1 -c)

+4/2 (40) (29.23)" - 0. 32 (1-0.66)

+ 5258.49 N

...Ans,

The swaying couple is,

C

s

[ 2
t=Fmo r(l-c)
\2 _

1 1840.47 Nm -

a: 40 2923 0.32) (1 -0.66
| \/-( ) (29.23)° (0.32) ( )

" wJADS.
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0= obliquly Ratio = by
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—  Primary crank and secondary crank :

(i) Clﬁhk ra;lius =r,m (1) Crank radiﬁ; =r/4n, m
(ii) Angular speed = ®, | (ii) Angular speed = 2 ®,

rad/s rad/s
(iii) Crank position from | (iii) Crank position from
idc.=06 : idc.=20 '
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=  Methods of Secondary Balancing :

The secondary balancmg can be carried out by following two
methods :

1. Graphical method
* In a graphical method, for.a complete secondary balancing :

(i) The secondaxy force polygon must be closed
(ii) The secondary couple polygon must be closed

2.  Analytical method

. For a complete secondary balancing, the analytical solution
is, '

, (i) E"'ucosﬂ):o @) ZTFsin20=0

L c0s20=0 (iv) zlnnLlsin20=0

— _If n is same for all cylinders then,

() Xmrcos20=0 (i) Zmrsin20=0
(iii) Zmrlcos26=0 (iv) Zmrlsin26=0

—  Unbalance in Engine :

(i) If engine is not under complete primary balancmg, the
closing side of primary force polygon gives the
maximum unbalanced primary force and the closing
side of the primary couple polygon gives the maximum
unbalanced primary couple.

(ii) Similarly, if the engine is not under complete secondary
balancing, the closing side of secondary force polygon

* gives the maximum unbalanced secondary force and the
closing side of the secondary couple polygon gives the
maximum unbalanced secondary couple.
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— Consider a four cylinder inline engine having two inner
cranks and two outer cranks as shown in Fig.
~  The inner cranks 2 and 3 are 180° from the outer cranks 1 and
4. Therefore, the angular positions of the cranks are as follows
Crank 1 = ©°
Crank2 = 180°+6°
Crank3 = 180°+6°
Crank4 = 0°

Cylinder1  Cylinder 2 Cylinder3  Cylinder4

/4

Crank 1 Crank 4
(Outen| | ! | . | (Outen ¥
P74 | L p7777A Ll | Lida 4
Bearing | L | L ?I;a:e:? |

: 11 14 4=1;

o l

_ Reference Plane
Fig. : Four Cylinder Inline Engine

— . For graphical solution, force and couple data is given in Table

Table ¢ Force and Couple Data

3 m T .omr kL mrk | 180°+ | 360°+0°
oo
4 (m r mr Iy mr 0° F
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@

(i)

Primary crank position

- Hg. shows primary crank position.
.
\\
N\
o
MO

r

~

\
/

7

-

S -

1
\\

Fig. : Primary Crank Positions

—  Assume firing order : 1-4-2-3.

Primary force polygon
= o
Fp = oa=mr = at0
=2 (o]
Fpy = ab=mr = at0
_)

Fp, = bc=mr = at180°

_)
= cd=mr = at180°
The magnitude of all primary forces is same (i.e. mr) with two
forces acting at 0° and two forces acting at 180°.

Therefore, the primary force polygon is closed as shown in
Fig.: and there is no unbalanced primary force.:

Fpy
0d, Fr ac b
e

FP3 Fﬂ

Fig. : Primary Force Polygon

Primary couple polygon
Cp = J;’:-mrl, = at 0°

e 4
Cp = ab’'=mrl =at0°

ch)'=—mel :93t180°

£

— : '
Cpy = c'd’=mrl=>at180°
The system is symmetrical about the reference plane. i.e.
I, =1, and [, = L, therefore Cp, =Cp, and Cn = Cyss
The primary‘ couple polygon is closed as shown in Fig.
and there is no unbalanced primary couple.

Cpy

Gt ob'.d  Cps

c
e

Fig. ": Primary Couple Polygon
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2. Secondary crank position

- FHg _ shows secondary crank posilion.‘
L - + Tt~
PO IS |
/ i \
,/ I 2(D \‘
[ | /T\ 1234
R ’ .‘3
\ , 4n
\ ! /
. | S
~_. ' .-
—_— }_ —_—
Fig, : Secondary Crank Positions

— - Assuming firing order : 14-2-3. *
(1) Secondary force polygon

. __) o
_) .0

Fg, = ab=mr =at0
’_} (o]

F,, = bc=mr = at360

_>
Fg; = cd=mr = at360°
- The magnitude of all secondary forces is same (i.e. mr)
and acts in one direction as shown in Fig.

— g

a b c - d
|——-F = Secondary nbatanced Forop———s|

Fig. : Secondary Force Polygon

—  'The resultant secondary unbalanced force is given by,
—_ 2
od x Scale of secondary force polygon x .‘%

Fyy =
_ o’
or Fyy = (Fg +Fg+Fg+Fg)xTr
a
or By, = (mr+mr+mr+mr)x-;
; 2
4mro
or iy = — o
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(i) Secondary couple polygon

-
G, = oa'=-mrl, =>at0°
_)
Cs, = ab’'=mrl, =at0°
Co => 3
Cy; = bc’"=-mrl, = at360°

— ;
Cg; = cd'=mrl; = at360°
— The system is symmetrical about the reférence plane, i.e.
[, =l and L, = L;, therefore Gy = Cp, and Cp, = Cp,. The
secondary couple polygon is closed as shown in Fig.
and there is no unbalanced secondary couple.
Cs1 Cp2 o'\b\d
¢ Cs4.Cs3
Fig. : Secondary Couple Polygon
— Thus for a given four cylinder inline engire, the primary
forces, primary couples and secondary couples are balanced.
However, the engine is not balanced for secondary forces.
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Soln. :
Given 'Speed of engine, N = 1800 r.p.m.

n o= 2}—2‘6&0—188.49md/s.
Crank radius, r= 60 mm =0.06 m
Length of connecting rod, . ‘
/ = 240mm=024m ' P -
: S B=T=006 T

The central plane of the engine is taken as reference plane. The force and couple data is given in Table

~ Table : Force and Couple Data
e Ds
1— 1.5 0.06 .0.090 -0.225 —-0.02025 0° 0°
2 | 15 006 000 | -0075 | —00067 180° 360°
3 1.5 ' 0.06 0.090 0.075 0.0067 270° 540°.e. 180°
4 1.5 0.06 0.090 0.225 0.02025 90° 180°

1. Primary force polygon'
Firing order of engine is 1-4-2-3. Hence draw the primary crank positions as shown in Fig.
Draw the primary force polygon by taking data from column 4 of Table and considering primary crank positions. As

the primary force polygon is closed, there is no unbalanced primary force acting on the engine. .

2.  Primary couple polygon
Draw the primary couple polygon by taking data from oolumn 6 of Table and considering primary crank positions,

- which are shown in Fig.

The o’d’ vector gives the magnitude of uubalanced primary couple i.e. Cy,
Cru

or . Cey

3.  Secondary force polygon
as shown in Fig.

—  Draw the secondary crank positions by takmg data form last column of Table
and considering secondary crank positions. As

- Draw secondary force polygon by taking data from column 4 of Table
the secondary force polygon is closed, there is no unbalanced secondary force acting on the engine.

’d’ % Scale of primary couple polygon X u)
18.80 X 0.001 x (188.49)° .
668 N-m ~ADns.

4.  Secondary couple polygon .
- Draw the secondary couple polygon by taking data from column 6 of Table and considering secondary crank

positions, which are shown in Fig.
Since all the secondary couples act in one direction, the unbalanced secondary couple is,
2 (188.49 )

.—.)
0d’ x Scale of secondary couple polygon x Qn- =54 x 0.001 X 2

Csu
or Csu

479.63 N-m
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-8 =—(R.P.) —=+ve
Cyiinder 1 Cylinder 2 Cylindor 3

r r

o

0.075 m|0.075m

0.15m 0.15m 0.15m
0.225m 0.225m

T

(a) Positions of Planes

Cpz= -0.0067
b’ c
o Fea 2'“9 b ' Cpa= 0.0067
8
8 ’ ‘5‘ [ \\
o | A g8 o \(Cru(Unbalanced
o " ¥ \\ Primary Couple)
T P o N
L ~
Fp=009 @ 8 Cpy=-002025
=
(Scale : 1 mm =0.005 kg-m)  (Scale : 1 mm = 0,001 keg-m?
(b) Primary Crank Positions (c) Primary Force ngtm (d) Primary Couple Polygen
Fs3=0.09 Fs2=0.09
0,b,d je—t—————ttm{ a C
Fs4=0.09 Fs4=0.09

(Scale : 1 mm = 0.005 kg-m)

(f) Secondary Force Polygon

Cg50.0087 Cgy=-0.0087

d' ¢ b g o
—ta- fezr fa —

_ Csq=0.02025 Cs=-0.02025 -
j#———= Csy(Unbalanced Secondary Couple) - — — — — —

(Scale : 1 mm =0.001 kg-m?)

(¢) Secondary Crank Positions (8) Secondary Couple Polygon

Fig,
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— In a radial engines and V-engines all the connecting rods are
connected to a common crank and this crank revolves in one
plane. Hence, there is no primary or secondary couple. Only
the primary and secondary forces are required to be balanced.

—  The method of direct and reverse cranks is used for balancing
of the radial engines or V-engines. This method is very useful
for determining primary and secondary forces in radial or V-
engines. '

T
Fig. : Reciprocating Engine Mechanism

Primary Force

= The unbalanced primary force F,’ is given by,
F, = mo’rcos9
where, m = mass of reciprocating parts, kg A
— This unbalanced primary force is equal to the horizontal
component of the centrifugal force produced by the imaginary
mass ‘m’ placed at crank pin ‘C’, as shown in Fig.

Imaginary Mass ‘m’

Fig : Reciprocating Engine Mechanism
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The arrangement shown in Fig. can be replaced by
another arrangement, shown in Fig. . in which OC is
called as the actual crank or primary direct crank and OC’
is called as the indirect crank or primary reverse crank.
The primary direct crank OC makes an angle 0 with id.c.
position and is rotating uniformly at ‘w’ rad/s in clockwise
direction, whereas the primary reverse crank OC’ makes an
angle — 0 with i.d.c. position and is rotating uniformly at ‘w’
rad/s in anticlockwise direction as shown in Fig. " Thus
the primary reverse crank is mirror image of the primary
direct crank.
The Parameters of Primary Direct and Reverse Cranks :
Primary direct crank

Radius of crank =r

Angular position =6

Angular speed = rad/s (Clockwise)

Primary reverse crank

Radius of crank =r

Angular position =—-0

Angular speed = rad / s (Anticlockwise)

%a’uho
Primary
.+ Direct Crank
\
\
m!'/" Fpema ¥ 08 8 ‘- - 'I
. I(}-uzfﬂlad-Tozralﬂ) \ )\ \ ’/
v &
P AN
ﬂ el sae® Primary
2 T Reverse Crank
%.’fme ’

Fig. : Primary Force in Direct and Reverse Cranks »

Let mass ‘m’ of the reciprocating parts is divided equally into

two'parts (1 e . One of the part is placed at direct crank

pin “C’ and the other part is placed at reverse crank pin “C’ as
shown in Fig.
Centrifugal force acting on each mass placed at direct crank

pin C and reverse crank pin C’ =% o’r

Component of the centrifugal force acting on the mass placed
at point C, along the line of stroke = %mz rcos9’

Component of the centrifugal force acting on the mass placed
at point C’, alongthehneofstmkc m rcos 0

Total component of the centrifugal force acting along the line
of stroke

m 2 m
= 70 roos6+7(nzroose

2
= morcosf
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This total component of centrifugal force acting along the line
of stroke, which is equal to primary unbalanced force,
Fo=m @’ rcos®

Hence, for determining the unbalanced primary force, the
mass ‘m’ of the reciprocating parts can be replaced by two

. Im .
masses i.e. 7" each at point C and C’ respectively.

The components of centrifugal forces of masses (m/2) placed
at point C and C’ normal to the line of stroke are equal to

m y S Bl el
7m2rsm 0, but opposite in direction to each other. Hence,
these components are balanced.

Thus, the unbalanced primary force due to reciprocating mass

‘m’ can be determined by placing masses m/2 each at crank

pin of primary direct crank and primary reverse crank Gie. at
points C and C")

Secondary Force

The unbalanced secondary force ‘Fy’ is given by,

2 cos 26
Fs = mo o

o Fs = mx(20) x7-cos20

The concept of determining unbalanced primary force can be
extended to determine the unbalanced secondary force.

For determining unbalanced secondary force, the mass ‘m’ of
the reciprocating parts is replaced by two masses equal to %
at crank pins of secondary direct crank and secondary reverse
crank (i.e. at points C and C’) such that secondary direct
crank is making an angle 20 and secondary reverse crank is
making an angle — 20 with id.c. position as shown in

Fig.

m 2 r m 2r
(7 Qo) g8 20+5 (zm)i'—‘eoozﬂ?\ -

\\

r/4n
— 26

2w rad/s (Anticlockwise)

Thus, the unbalanced secondary force due to reciprocating
mass ‘m’ can be determined by placing masses ‘m/2” each at
cranks pin of secondary direct crank and secondary reverse

Z@o
Fig." : Secondary Direct and Reverse Cranks
x Second K
Parameters of Secondary Direct and Reverse Cranks : g e
Secondary direct crank Angular position -
s Angular speed =

Radius of crank = r/4n

Angular position = 26

Angular speed = 2w rad/s (clockwise) crank (i.e. at points C and C’)
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Soln. :
Given :Mass of reciprocating parts, m = 2.5kg

Crank radius, r = 100mm=0.1m
Length of connectingrod, [ =' 400mm=04m
Obliqﬁity ratio, n = %: -g—‘; =4
Speed of engine, N = 1000 r.p.m.
Soo= H%Oog = 104.71 rad.

Consider two cylinder V-engine located at 90° from each
other, as shown in Fig. '

(Reference Plane)

/
' AN N
LhoofStroke/ LY. P \Llne of Stroke
of Cylinder 1 of Cylinder 2
L7
\ | /
N A
fe, B P
. \} -
Fig. (a) : Two Cylinder V-engine

Consider OY as reference position. The primary and

B bsecondary crank positions are given in Table

Table

2 315° -315° 630° -630°
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(i) Direct Crank Positions

I g 7

Line of Stroke*. _-~~ | ~~. Line of Stroke
of Oylinder 1. > g X of ylinder 2

5 | /,/ \
45° i :
[ v /T
5}
315° |

’

o T
Line of Stroke ~~—.'—--"  Line of Stroke
of Cylinder 2 r‘ of Cylinder 3

(i) Reverse Crank Positions
Fig. ! (b) : Primary Forces

(i) For cylinder 1, 8 = % 45°, hence rotate the crank 1 in
clockwise direction by 45° from its line of stroke for
direct crank position and rotate the crank 1 in
anticlockwise direction by 45° from its line of stroke for
reverse crank position, as shown in Fig. ().

(i) For cylinder 2, 8 = £ 315°, hence rotate the crank 2 in
clockwise direction by 315° from its line of stroke for
direct crank position and rotate the crank 2 in
anticlockwise direction by 315° from its line of stroke
for reverse crank position. _

(iii) From Fig. (b) it is seen that, for reverse crank

~ position the system is balanced and unbalanced force is
only due to direct crank position. Therefore,

The unbalanced primary force is,
' F = (3+ % w’r
= mofr=25x(10471)x0.1
or Fp = 2741.55N ...Ans.
Secondary Forces

1. For cylinder 1, 8 = + 90°, hence irotate the crank 1 in
clockwise direction by 90° from its line of stroke for
‘direct crank position and rotate the crank 1 in
anticlockwise direction by 90° from its line of stroke for
reverse crank position, as shown in Fig. ).

2. For cylinder 2, 6 = £ 630°, hence rotate the crank 2 in

clockwise direction 630° from its lines of stroke for -

direct crank position and rotate the crank 2 in’
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anticlockwise direction 630° from its line of stroke for
reverse crank position.
The component of unbalanced secondary force due to direct
crank, along OY (upward direction) is,

m T
Fp = 2x 3cos45°]v-(2c.o)2‘zl;

The components of unbalanced secondary force due to direct
crank, along OX (horizontal direction) are balanced,

(i) Direct Crank Positions
Line of Stroke Y Line of Stroke
of Cylinder 1 v of Cylinder 2
el

(i) Reverse Crank Positions

Fig. (c) : Secondary Forces

The component of unbalanced secondary force due to reverse
crank along OY (downward direction) is,

m ° 8
o Fg = 2% 7cos45]-(2m)25

The components of unbalanced secondary forces due to
reverse crank along OX (horizontal direction) are balanced,
The total unbalanced secondary force is,
Fg = Fyp-Fg
...[Both are acting in opposite in direction]

Y o T (R S U, ST
-2[2cos45] (2&))4n—2[2cos45] (20)'%
or

FS = 0 G ...Ans,
Thus, there is no unbalanced secondary force acting on the
engine.
The total unbalanced force acting on the engine s, ’\ M I n '\J
Fy = Fp+Fs= 2741.55 +0 COLLEGE OF ENGINEERING & TECHNOLOGY

= 2741.55N «+Ans,



A V-engine is a two cylinder radial, engine in which the
connecting rods are fixed to the common crank.

In such engines, the center lines of the cylinders form a letter
-V, therefore these engines are called as V-engines.

In V-engines, the cylinders have a common crank and this
crank revolves in one plane, so there is no primary or

secondary couple acting on the engine.
Consider a V-engine, shown in Fig. 3.2.1 having common
crank OC and two connecting rods CP and CQ. The lines of
stroke OP and OQ are inclined to vertical axis OY at an angle
‘o’. - :

Let, = mass of rec1procatm g parts per cylmder kg

m
! = length of connecting rod, m

r = radius of crank, m

n = obliquity ratio=1/r

6 crank angle, measured from vertical axis OY,

at any instant

.= angular velocity of crank, rad/s

20 = V-anglei.e. angle between lines of _

X 0O Ry Fy

- Fig. 3.2.1 : Balancing of V-Engine
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(i)

(i)

We know that,

" Primary unba]anced force in a single cylinder engme is,

F, = mw’rcos 0 --.[From Equation (2.10.3)]
Secondary unbalanced force in a single cylinder engine is,
2
Fg =m w’r 293;1—6 ...[From Equation (2.10.4))

Primary forces
Primary forces in individual cylinders

The primary unbalaced force acting along the line of stroke of
cylinder 1 is,

Fpy = m ©° 1 cos (ax-19)
The primary unbalanced force acting along the line of stroke
of cylinder 2 is,

Fp, = mo’ rcos (o + 0)
Total primary force along vertical line OY

- The total primary force along vertical axis QY is,

Fpy = F,,lxcosa+FP2cosa
= mo’ rcos (—90)cosa -
+mu)2rcos(oc+0)cosa
= m(nzrcosa[cos(a 6) + cos (0. +0) ]
= mao rcosoc 2cos .- cos®
or  Fpy = 2mo’rcos’ acos ; ...(a)

(iii) Total primary force along horizontal line OX

The total primary force along horizontal axis OX is,

..[ "." Both forces FP,'sin o. and FP, sin o are acting opposite to |

each other }
ma) rcos(a 0) sin o - m @ rcos(a+0)sma
=m(x) rsin o [ cos (0. —0) — cos (o + 0) ]
= mw’ rsma 2sinosin ©

or Bpy =2mo’rsin’ o sin 0 » ...(b)

i) Resultant primary force

The resultant Primary force is,

=V(FPV)2+(FPH)2 2
= ‘\l(mez.coszoc-cose)2+(2mm2rsin2a‘§in0)
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F_.me r-\f(csa cos0)’ +(sma sin 0 )* ..(3.2.1)
- The angle made by resultant force Fp with venlcnl axis OY

(measured in clockwise direction) is given by,

L
a va

Br =
_,[mezrsinzot-sin 0]
= W mo cos o cos B
‘or Bp = tan” [tan’ &t - tan 0] (3.2.2)

2. Secondary Forces
() Secondary forces in individual cylinders
The secondary force acting along the line of stroke of

cylinder 1 is,
2 _cos2(o—0)

Fg, = mo'r I

The secondary force acting along the line -of stroke of

cylinder 2 is,
m @’ rcos2(a+9)

Fg, = n

(i) Total secondary force along vertical line OY

" The total secondary force along vertical axis OY is,
Fgy = Fg cosa+Fgcosa
", cos2(a-0)
= MmO r—/-:cosQ
n
, cos2(o+6)

+mw r— n *COos O

3 ‘
m @ 1cos o [cos2(a—0)+cos2(a+8)]

n
mo reose . .
== 0 -2cos20-cos20
. )
or Fg, = g mo rcosa: cos20-cos20 ()

(iii) Total secondary force along horizontal line OX
. The total secondary force a]ong horizontal axis OX is,

Fgy = Fgsina—Fgsina
...[ Both forces Fj, sin o and Fg, sin o, are acting opposite to each
_ other ]
, cos2(m—-0) ., cos2(o+6)
=mo T sing-me'rT - sino
n n
mo’rsino
= T[ s2{(o- 6)+cos2(a+6)]
3.
morsing , . =
==,  2sin2a-sin26
2 2 . . .
o Fy = Smo'rsing-sin2a-sin20 - ...(d)

(iv) Resultant secondary force
= The resultant secondary force is,

FS= \/(Fsv) +(FSH)'

Fs 5

) 2 2 49 2
= (nmmzrcosa-cosZacosm) +(Hmm2rsina-sin2dsin26)

5 _ :
"Fs= T ma?ry(cos o cos2 o cos 20 F+(sin - sin 2~ sin20
C.(323)

AMIRAJ

COLLEGE OF ENGINEERING & TECHNOLOGY



~  The angle made by resultant secondary force l?s with vertical
axig OY (measured in clockwise direction) is given by,

F
-1 —SH
Py ta [Psv]

2 . X 4
“mo’r-sing-sin20.-sin20

-1} n
=tan |7 "
;mo>r-cosa-cos2a-cose
Bg = tan™ [tan o.- tan 2 & - tan 6] ...(3.24)

3.2.1 Varlation of Resultant Primary and
"~ Secondary Forces with Crank Angle

—  The V-engines are normally built with total V-angle ‘2 &’ as :
_ 60° 90° or 120°.
—  The resultant primary and secondary forces in V-engine are : '
Fp= 2m_oo2 r\ﬁcos “0-cos® ]2 +[ sin” ot sin © ]2 ...(e)

Fs=%m w?rA[ cos o+ cos 20+ cos 26 |2 + [ sin c sin 20 sin 20 F ...(f)

1. For20.=60°:
200 = 60° soo =30°
— . From Equation (e),
F, = 2mw’r\[[cos 30 cos8 ] +[sin 30sin 61"

RN N

2

_m(; r‘\I9cosze+sin:9

2

or Fp= &;ﬂ 1+8cos™ 0
. p is maximum when, 3o =0
ie. when 6 = 0°or180°
2
Fomr = g N1+8
2
3
of . Fpp = 5 at0=0°0r180° .(g)

- From Equation (f),
Fs;%m @? r4J[ cos 30 - cos 60 * cos 26]2 + [ sin 30 sin 60 sin 26

2

Z
Fs =%m o’ r\[[lzé%cos 29] +|:%32B sin 26]

Bmao'r

or’ : - Ky = n
2
3[3m0) r
FSmnx = FS= -2n

(Fgis independent of 60 ) ...(h)

2. For20.=90° :
2a - 90 S O _= 450
- From Equation (e), '

Fp = 2m(,)21~\’[c05245-cos(5]2+[sin245-sin()]2
Z
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or F, = ma’r
Fp=mao’r
(Fy is independent of 6‘) o (

- =  From Equation ®,
F _2mwlr
g '\/[ccas4s~cosQO-coszejz+[sin45-sin90-sin29]2
—gmu)zr‘\/[_l xOxcos26]z L 1xsi
» s
o ‘\/5 [\ﬁx xsm26]

2 m o’ .
or Fg= - rsm26

; 3 dF.
= Fgis maximum when, Tg:

i.e. when 0 = 45° or 135°

, 2m o’
s F _% m9=45°°rl35° ___(j)

-
3. For2a=120°;
2a 120°
Sooo= 60°
—  From Equation (e), .
Fp=2m wzr\l[ cos “ 60 - cos 6 ]2 + [ sin® 60 - sin?]‘

N T ARy LT
=2m o’ rA\/[(E) cos 9:, +[()2E) sin 6]
= mo’rycos’ 0+ 9sin" 9
or F, = mmzr‘\/l+85in’9
dF,
= Fpis maximum when, Fét =0

-

i.e. when 0 90° or 270°
2
. mo'r
Fomax = > Ji+8

2
or Fpmm = —3"’2‘" © a8 =90"or 270°...(k)

—  From Equation (f),
Fs = 2 mwzr\/[cosso cos 120 cos 26F + [ sin 60 sin 120 - sin 20 F

3 43 .
=%mm r\/[z-zcos“ﬂ] [%-szﬁsmw]
= 2n \/cos 20 + 9 sin° 20
or Fy = "1+ 8sin 20 D)

- Fgis maximum when, ?Gs =0

i.e. when sin20= % |
i.e.when 20 = 90°or270°
i.e. when 9 = 45%0r135°

Fs,,,,,_s'"z“’ T at6=45or 135° ..(m)
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PYTGTU “Dec. 11,7, Marks [ i
cipr \‘catmg mas ”'Per‘cyhnder in a 60° twin engine is

m = 15kg,S=2r=100 mm,

ol g-%Q—SOmm
!l = 250mm=0.25m,
1 025

0= =005

N = 2500r.p.m,

‘({) = %:261.29md/s
200 = 60°,

o = 30°

The resultant primary force is,

. F, = 2me? l"\l(cos 0+ cos ) + (sin” o - sme)2
F, = 2m2(nr \I(cos 30 - cos 8)” + (sin” 3 * sin )
mo'r

9cos0 + sin‘d
For maximum and minimum values of E,
dF,
do
2

5 0 e mwr[—9x2cos6sin9+23in9-cose
2 9cos"0+sin"@ -

=0

- mu)zrl:—18sin9cos9+2sin9-cos9
4 L 24/9cos’0 +sin’0 ]
. e #x — 16 sin 6 cos 8 .
‘\/9cos!8+sin:9
mo’r — 8 5in 20
T4 \/9cos 0 +sin” 0
-8sin20= 0 or sin20=0
.20 =0 orm,

T
.0 = 0 and 2
The maximum resultant primary force at 6 = 0 is,
mo’r ” 3 2
Fp(mnx) = 5 \]9 cos2 0° + sin! 0°=7mor
= %x 1.5 (261.79)* x 0.05 = 7710.07 N
The minimum resultant primary force at 8 = /2 is,

s = 2o (5) e 5)

- m(;)r 15x(261;9) XOO5_2570.02N

The resultant secondary force is,

F

) —
Fo=2 mo'r A/(cos ot - cos 20t - cos 26)° + (sin o - sin 20, - sin 20)*

% maw?r/(cos 30° x cos 60° - cos 26)2 + (sin 30° - sin 60° - sin 20f

2
ey mo’r /(0.43 cos 20)” + (0.43 sin 29) n

043x2>< 1.5 (261.79)* X 0.05
5

= 890.28 N

0.43 X 2 X m X o't
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1. Gravity Type Static Balancing Machine

Calibrated Scale

Dead Weight "W

2. Oscillatin e Static Balancing Machine

Part to be ;
ﬁ ’}bala,nced,
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Pivoted Cradle

namic Balancing Machine

Support Rollers : _

PetToBe | Comection [~ Universal Coupling
[Bﬂm i Planes

Pivot Locked

Pivot Realsad
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